QUADRATICALLY LARGE REGULAR GRAPHS WITHOUT INTERNAL
PARTITIONS

CHANZO BRYAN

ABSTRACT. An internal partition of a graph is a nontrivial bipartition in which each vertex has
at least as many neighbors in its own part as in the other part. In Internal Partitions of Regular
Graphs (2016), Ban and Linial proposed in Conjecture 4 that every 2k-regular graph on at least

4k vertices has an internal partition. We disprove Conjecture 4 at its proposed threshold. For

every odd integer k > 5, we construct a 2k-regular graph on exactly (k;ﬂ) vertices with no internal

partition. For every even integer k > 8, we construct a 2k-regular graph on exactly (kgl) + 2
vertices with no internal partition. Both constructions also have connected complements. In fact,
for each graph, every red—blue coloring in which each vertex has at least k neighbors of its own color
is monochromatic.

1. INTRODUCTION
Let G = (V, E) be a finite simple undirected graph. For X C V and v € V, write
dx(v) := |Ng(v) N X]|.
A bipartition V = AU B is internal if A and B are nonempty and
da(v) > dp(v) for every v € A, dp(v) > da(v) for every v € B.

For a 2k-regular graph, these inequalities simply require every vertex to have at least k neighbors in
its own part.

Ban and Linial constructed 2k-regular graphs on 3k + 2 vertices with no internal partition and
proposed Conjecture 4: every 2k-regular graph on at least 4k vertices has an internal partition [2].
Equivalently, the conjecture asserts that every even-degree d-regular graph without an internal
partition has fewer than 2d vertices. The constructions below have order ©(d?), exceeding the
conjectured linear bound by a factor of ©(d). Their complements are also connected, answering
another question raised by Ban and Linial.

Theorem 1.1. For every integer k that is either odd with k > 5 or even with k > 8, there exists a
2k-regular graph Gy with no internal partition such that Gy is connected and

k+2

, if k is odd,
V(Gk)| = ’
g k+1 -
9 + 2, if k is even.

Related work. Gerber and Kobler studied the same condition under the name satisfactory graph
partitioning [6], and Ban and Linial surveyed related terminology and the regular-graph setting [2].
Linial and Louis proved that asymptotically almost every regular graph of any fixed even degree
has an internal partition [7]. For degree 5, Barnkopf et al. studied internal partitions and abelian
Cayley graphs [3], while Cséka et al. later proved that asymptotically almost every 5-regular graph
has an internal partition [4]. Anastos et al. obtained an approximate fixed-degree result allowing
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an arbitrarily small exceptional fraction [1]. Our growing-degree family refutes Ban and Linial’s
universal order threshold but does not address their fixed-degree conjecture [2].

2. EQUIVALENT FORMULATIONS
It is convenient to encode a bipartition by a red—blue coloring. For a coloring c¢: V(G) —
{red, blue}, define
de(v) = [{u € Na(v) : ¢(u) = c(v)}].

Definition 2.1. A coloring of a 2k-regular graph is majority-stable if d.(v) > k for every vertex v.

Proposition 2.2. A 2k-regular graph has an internal partition if and only if it has a nonmonochro-
matic majority-stable red—blue coloring.

Proof. Color the two parts of a partition red and blue. Since every vertex has degree 2k, the
inequality between its same-part and opposite-part degrees is equivalent to having at least k same-
colored neighbors. Requiring both parts to be nonempty is equivalent to requiring the coloring to
be nonmonochromatic. O

The next observation is the two-vertex case of the clique type-class lemma of Gaikwad, Maity,
and Tripathi [5]. We record it because it isolates the local mechanism used in the construction.

Lemma 2.3 (Adjacent-twin lemma). Let u and v be adjacent vertices in a 2k-reqular graph, and

suppose that
N(u)\ {v} = N(v) \ {u}.
Then u and v receive the same color in every majority-stable red—blue coloring.
Proof. The common external neighborhood has 2k — 1 vertices. If u were red and v blue, then «

would need at least k red vertices in that neighborhood and v would need at least k£ blue vertices
there. This would require at least 2k vertices in a set of order 2k — 1, a contradiction. ([l

3. THE ODD CONSTRUCTION

The odd construction combines adjacent-twin pairs with an independent set and a chain of
k-vertex layers. The terminal layer distributes the remaining pair-neighbors through cyclic intervals.
Fix an odd integer £ > 5, and put
k+1

M="""  L=M-2
2

Then L > 1. All coordinate subscripts in this section are read modulo k.

3.1. Definition. Take an independent set W of order k 4 1, together with k two-vertex sets
P ={z;,yi}, i€ Z/KZ.
Let
By ={b;:i € Z/kL}, 0<t<L,
be pairwise disjoint sets of order k. Write
By=A, C =Bj_1, ¢ =br—1,.
The edges of G, are defined as follows.

(1) Add the edge z;y; for every i € Z/kZ, with no edges between distinct pairs.

(2) Join every vertex of W to both endpoints of every P;.

(3) Make A = By a copy of K}, and leave B; independent for 1 <t < L.

(4) Join consecutive layers completely except along the coordinate matching: for 0 <t¢ < L — 1,

bt,ibt+1,j S E(Gk) <— 75 j
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(5) For every i € Z/kZ and every 0 <t < L — 1, join both endpoints of P; to b ;.
(6) For every i € Z/kZ, join both endpoints of P; to the M consecutive vertices of C, namely

Cis Cit1ly- -5 Cit M—1-
3.2. Order and regularity.
Proposition 3.1. The graph G} has (k;rZ) vertices and is 2k-reqular.

Proof. The order is
L-1

V(G =W+ Y B[+ B

i€Z/kZ t=0
= (k+1)+2k+kL

k41
:(k+1)+2k+k<;—2>

_ (k+2
= 5 |
We now verify that Gy is 2k-regular. For w € W,

d(w)=Y" dp,(w)

i€Z/kT.
— Z )

i€Z/kZ
= 2k.

For z € P;, partitioning its neighborhood among the vertex families gives
d(z) = dw(2) +dp,(2) + > dp,(2) +do(z)
0<t<L—1
=(k+D)+1+(L-1)+M
= 2k.

Suppose L > 1. For a vertex by; of A,
d(bo,i) = da(bo,i) + dp, (boi) + dp,(bo;)
=k-1)+(k-1)+2
= 2k.
For1<t<L-1,

d(bsi) = dp,_, (bei) + dp,,, (i) + dp,(bei)
=k-1)+(k—-1)+2
= 2k.

Finally, every vertex of C lies in the cyclic intervals associated with exactly M pairs, so
d(ci) = dp, ,(ci) + Y dp(ci)
JELIKL.
=(k—1)+2M
= 2k.
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When L =1, we have C' = A, and the corresponding calculation is

d(ci) =da(c)+ Y dp(ci)
JELIKZ
=(k—1)+2M
= 2k.

3.3. No internal partition.
Proposition 3.2. The graph Gy has no internal partition.

Proof. Let ¢ be a majority-stable red—blue coloring of Gy. By Lemma 2.3, the two vertices of
every pair P; have the same color. Since k = 2M — 1, one color occurs on at least M pairs. After
exchanging the color names if necessary, assume that this color is red.

Every vertex of W is red. Indeed, a blue vertex of W would have at most

oM —1)=k—1

blue neighbors. Next, no pair can be blue. An endpoint of a blue pair has its blue mate, no blue
neighbors in W, and only (L — 1) + M = k — 2 other neighbors. Its same-color degree is therefore
at most

1+ (L-1)+M=k—1,

again contradicting majority stability. Thus W and every pair are red.
Every vertex of C has 2M = k + 1 red neighbors among the pairs. A blue vertex of C' would
consequently have at most k — 1 blue neighbors, so C' is red.

Case 1: L =1. Then A = C, so every layer is red.

Case 2: L > 1. The base layer B;_1 = C'is red by the preceding paragraph. For 1 <t < L — 2,
assume that B;iq is red. A blue vertex of B; has no blue coordinate-pair neighbors and no blue
neighbors in By 1. Since B; is independent, all its blue neighbors must lie in B;_1, where it has
only k£ — 1 neighbors. Thus B; is red. Applying this step for

t=L—-2L—3,...,1

shows that every By with 1 <t < L is red.

A blue vertex of A = By now has no blue coordinate-pair neighbors and no blue neighbors in Bj.
Its only possible blue neighbors are the other k — 1 vertices of A, a final contradiction. Thus A is
red.

In either case, every majority-stable coloring of G is monochromatic. (]

3.4. Connected complement.
Proposition 3.3. The complement G}, is connected.

Proof. The set W is a clique in G}, and every vertex in every layer B; is adjacent in G, to every
vertex of W. Hence W and all layer vertices lie in one component of the complement.

An endpoint of P; is adjacent in G to only M < k vertices of the terminal layer C'. It is therefore
adjacent in G, to some vertex of C. Thus every pair vertex lies in the same component, and G}, is
connected. O
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4. THE EVEN CONSTRUCTION

The even construction uses k — 1 adjacent-twin pairs P; and a chain of (k — 1)-vertex blocks By,
C,and D.
Fix an even integer k > 8, and put

k

Pair indices and the coordinate subscripts on b ;, ¢;, and d; are read modulo g; subscripts on the
vertices of W are ordinary integer indices.

4.1. Definition. Let
W = {wp,w1,...,w}, P, ={xi,yi} (i€Z/qZ).
There is one further vertex a, together with L — 2 ordinary blocks
By ={b;:i€Z/qL}, 0<t<L -2,
and two final blocks
C={¢:1€Z/qZ}, D ={d;:ie€Z/qL}.

Distinguish the vertices

e = co, f = do, J=dg 1.

Thus b;; is the vertex of coordinate 7 in By, while ¢; and d; are the vertices of coordinate ¢ in the
penultimate block C' and terminal block D, respectively.
The edges of G}, are defined as follows.

(1) Add the edge z;y; for every i € Z/qZ, with no edges between distinct pairs.

(2) Join every vertex of W to both endpoints of every P;.

(3) If L > 2, make By U {a} a copy of K. If L =2, make C' U {a} a copy of K.

(4) If L > 2, join By and By41 completely for every 0 < ¢ < L — 3, and join By,_3 completely to
C.

(5) Join every vertex of C'\ {e} to every vertex of D, and add the edge ef.

(6) For every i € Z/qZ and every 0 <t < L — 2, join both endpoints of P; to b ;. Also join both
endpoints of P; to ¢;.

(7) For every i € Z/qZ, join both endpoints of P; to the M consecutive vertices of D, namely

diydit1, .. digp—1-

(8) For every 0 < i < M, join both endpoints of P; to a. For every M < i < ¢, join both
endpoints of P; to e.

(9) Make W induce the path wow; - - - wy, and make D induce the path dod; - - - dg—1. Add the
edges woa and wgj.

4.2. Order and regularity.

k+1

Proposition 4.1. The graph Gy, has (%]

) + 2 wvertices and is 2k-regular.
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Proof. The order is

V(Go)l=IWI+ > [Bl+{a}l+ > [B|+|C|+|D]

i€Z/qZ 0<t<L—2
=k+1)+2¢q+1+(L—-2)g+q+q
=3k + L(k—1)

:3k+<’;—2> (k—1)

E+1
(e

We now verify that Gy is 2k-regular. Every w € W has two neighbors in W U {a, j} and both
endpoints of every pair as neighbors. Thus

d(w) = Z dpi (w) + dWU{w}(w)
i€Z/qZ

=2q+2
= 2k.

For z € P;, partitioning its neighborhood among the vertex families gives
d(z) = dw(z) +dp(z) + Z dp,(z) +dc(z)
0<t<L—2
+ d{a,e}('z) + dD<z)
=k+1)+1+(L-2)+1+14+M
= 2k.

The copy of K}, containing a contributes k — 1 neighbors to a. Together with its pair-neighbors
and wg, this gives

d(a) = (k—1)+ > dp(a)+dw(a)
0<i<M
=(k—1)+2M+1
= 2k.

When L > 2, a vertex by ; has ¢ neighbors in the block following B;. It has another ¢ neighbors
in B;—; when t > 0, or among the other vertices of By U {a} when ¢ = 0. Together with the two
endpoints of P;, this gives

d(be;) =q+q+dp,(b;)
=q+q+2
= 2k.

For ¢; # e, there are ¢ neighbors before D: these lie in By_3 when L > 2 and among the other
vertices of C'U {a} when L = 2. Therefore

d(c;) = q+dp(ci) +dp,(ci)
=q+q+2
= 2k.
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The same count gives g such neighbors for e. Its remaining neighbors are f, both endpoints of Py,
and the endpoints of Py, ..., Pyj—1. Thus

de) = q+dip(e) +dpe)+ > dpe)
M<i<q
=q+14+2+2(M 1)
= 2k.

Finally, every vertex of D has two neighbors in D U {e,wy}: the internal vertices have two
path-neighbors, f has d; and e, and j has d;—2 and wy. Since each vertex of D also has all ¢ — 1
vertices of C'\ {e} and the endpoints of exactly M pairs as neighbors,

d(di) = denger(di) + Y dp,(di)
reZ/qZ
+ dDU{e,wk}(di)
=(q—1)+2M+2
= 2k.

4.3. No internal partition.
Proposition 4.2. The graph Gy has no internal partition.

Proof. Let ¢ be a majority-stable red—blue coloring of Gi. By Lemma 2.3, every pair P; is monochro-
matic. Since ¢ = 2M — 1, one color occurs on at least M pairs. After exchanging the color names if
necessary, assume that this color is red. At most M — 1 pairs are then blue.

Every vertex of W is red. Indeed, every vertex of W has exactly two neighbors outside the pairs.
A blue vertex of W would have at most

oM —1)=k—2

blue pair-neighbors, so both of its remaining neighbors would have to be blue. This condition
propagates along the path wow; - - - wg, making all of W blue. An endpoint of a red pair would then
have no red neighbor in W and only k£ — 1 neighbors outside W, contradicting majority stability.

Next, no pair can be blue. An endpoint of a blue pair has no blue neighbor in W and only k& — 1
neighbors outside W, again contradicting majority stability. Thus every pair is red.

Each vertex of D has 2M = k red pair-neighbors. If j were blue, all its remaining k neighbors
would have to be blue, including wy. This contradicts the fact that W is red, so j is red.

Now suppose that 0 <r < q¢—1 and d,; is red. If d, were blue, then its k red pair-neighbors
would force all its remaining k neighbors to be blue. This is impossible because d,11 is one of those
neighbors. Starting with d,_1 = j and working backward shows that every vertex of D is red.

Let ¢; # e. It has no blue neighbors in D and no blue coordinate-pair neighbors. If L > 2, its
remaining neighbors lie in By,_3; if L = 2, they lie among the other vertices of C' U {a}. In either
case there are only ¢ = k — 1 of them. Hence C'\ {e} is red.

The vertex e is adjacent to both red endpoints of Py and to the endpoints of the M — 1 red pairs
Py, ..., Py—1. It therefore has

242(M—-1)=2M =k
red pair-neighbors, together with the red neighbor f. Thus e is red, and all of C' is red.
Case 1: L = 2. There are no ordinary blocks, and every neighbor of a is red. Hence a is red.

Case 2: L > 2. The base block C is red. For 0 <t < L — 3, assume that the block following By
is red. A blue vertex of B; has no blue coordinate-pair neighbors and no blue neighbors in the
following block. Its only possible blue neighbors lie in B;—1 when ¢t > 0, or among the other vertices
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of By U {a} when t = 0. In either case there are at most ¢ = k — 1 such neighbors, so B; is red.
Applying this step for
t=L—-3,L—4,...,0
shows that every ordinary block is red. Every neighbor of a is therefore red, so a is red.
In either case, every majority-stable coloring of G is monochromatic. ([

4.4. Connected complement.
Proposition 4.3. The complement G}, is connected.

Proof. The graph induced by W in G}, is the complement of a path on k 4+ 1 > 9 vertices and is
therefore connected. Every vertex outside W U |J; P; is adjacent in G}, to at least one vertex of W,
so all nonpair vertices lie in the same component.

An endpoint of P; is adjacent in G}, to exactly M < g vertices of D. It is therefore adjacent in Gy,
to some vertex of D. Thus every pair vertex lies in the same component, and G}, is connected. [
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